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A polycrystal ﬁnite element (FE) model describing the temperature evolution of low carbon steel is pro-
posed in order to forecast the local mechanical ﬁelds as a function of temperature, for bainitic microstruc-
ture submitted to tri-axial loading. The model is designed for ﬁnite strains, large lattice rotations and
temperatures ranging into the brittle–ductile transition domain. The dislocation densities are the internal
variables. At low temperature in Body Centred Cubic (BCC) materials, plasticity is governed by double
kink nucleation of screw dislocations, whereas at high temperature, plasticity depends on interactions
between mobile dislocations and the forest dislocations. In this paper, the constitutive law and the evo-
lution of the dislocation densities are written as a function of temperature and describe low and high
temperature mechanisms. The studied aggregates are built from Electron Back Scattering Diffraction
(EBSD) images of real bainitic steel. The aggregate is submitted to a tri-axial loading in order to describe
the material at a crack tip. Mechanical parameters are deduced from mechanical tests. The local strain
and stress ﬁelds, computed for different applied loadings, present local variations which depend on tem-
perature and on tri-axial ratio. The distribution curves of the maximal principal stresses show that het-
erogeneities respectively increase with temperature and decrease with tri-axial ratio. A direct application
of this model provides the evaluation of the rupture probability within the aggregate, which is treated as
the elementary volume in the weak link theory. A comparison with the Beremin criterion calibrated on
experimental data, shows that the computed fracture probability dispersion induced by the stress heter-
ogeneities is of the same order than the measured dispersion. Temperature and stress tri-axiality ratio
effects are also investigated. It is shown that these two parameters have a strong effect on fracture owing
to their inﬂuence on the heterogeneous plastic strain. These inhomogeneities can initiate cleavage
fracture.
 2011 Elsevier Ltd. All rights reserved.1. Introduction temperature and loading. At low temperature, plastic deformationSeveral crystal plasticity models were already developed to de-
scribe the effects of microstructure on mechanical ﬁelds and orien-
tation textures (Peirce et al., 1983; Beaudoin et al., 1995; Tabourot
et al., 1997; Barbe et al., 2001a,b; Hoc et al., 2001; Bhattacharyya
et al., 2001; Stainier et al., 2002; Erieau and Rey, 2004). These poly-
crystal plasticity approaches did not explicitly describe the tem-
perature effect on plasticity.
The main contribution of this paper is to include the mecha-
nisms of plasticity depending on temperature in a BCC polycrystal
model. The aim of our approach is to describe the local stress strain
ﬁeld evolution of a complex microstructures such as bainite withll rights reserved.
écanique des Sols, Structures
grande rue des vignes, 92295is controlled by the mobility of screw dislocations, whereas at high
temperature, plastic deformation hardening results from interac-
tions between the mobile dislocations and the forest dislocations
(Kocks et al., 1975; Kubin et al., 1978). The transition temperature
separating these two mechanisms of deformation belongs to the
brittle–ductile transition of low carbon steel. For a given micro-
structure, the model can predict the domains undergoing larger
principal local stresses (thus, more sensitive to damage).
The model is designed within the framework of ﬁnite plastic
strain and of large lattice rotation. It is based on a viscoplastic con-
stitutive law for each slip system and depends on internal vari-
ables: the dislocation densities. The model is implemented in
Abaqus FE code.
The evolution of local behavior depends on:
– Thermally activated ﬂow laws, based on two different mecha-
nisms, according to the involved temperature. At low tempera-
ture, a double kink mechanism (due to the lattice friction
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Rauch, 1993). At high temperature, the interactions between
moving dislocations and forest obstacles rule the hardening
mechanism.
– Dislocation densities evolution law. This evolution law is com-
posed of two terms corresponding to the production and the
annihilation of dislocations (Estrin and Mecking, 1984).
The model is applied to a low alloyed steel (A508C13) present-
ing a bainitic microstructure. The alloy composition is given in Sec-
tion 3.1. The representative aggregates were built by Electron Back
Scattering Diffraction (EBSD) mappings. They were submitted, to
different tri-axial loadings corresponding to the loading state at
the head of a Compact Tension sample micro-crack. The tempera-
ture ranges from 196 C to 25 C.
Determination of the model parameters is based on appropriate
mechanical tests through an inverse method. The crystalline orien-
tations and lath morphologies are obtained by EBSD technique and
dislocation densities are measured by TEM.
The main purpose of this model is to obtain histograms and
maps of the heterogeneous local strain and stress ﬁelds. An output
of our results is a better understanding of cleavage mechanisms for
bainitic low alloy steels (frequently used in nuclear pressure ves-
sels). The complexity of the microstructure of such alloys leads
to fracture toughness scattering. Thus, such studies at the grain le-
vel are crucial to assess the vessel integrity. Different authors
(Brozzo et al., 1978; Curry and Knott, 1978; Beremin, 1983; Zhang
and Knott, 1999) observed a scattering of fracture stresses mainly
resulting of particle size distribution. More recently, other authors
(Yang et al., 2004; Tanguy et al., 2003, 2005; Lee et al., 2002;
Hausild et al., 2005) showed that the initiation of brittle fracture
involves multiple microstructural crack initiators, such as lath
packets boundaries, carbides or manganese sulﬁdes. All these pa-
pers suggested that the metallurgical features involved in the
cleavage initiation might change from the lower shelf up to the
ductile/brittle transition regime. Moreover, Hausild et al. (2005),
then Mathieu (2006), proposed to take into account the plasticity
mechanisms effects on fracture.
Our paper deals with the effect of these plasticity mechanisms.
For this purpose, the local mechanical ﬁelds are ﬁrst computed
(Libert, 2007). The results enable the evaluation of the probability
of cleavage fracture of a representative volume, for different tem-
peratures (starting from the lowest shelf to the beginning of the
brittle–ductile transition temperature regime) and for two con-
straint conditions.
Section 2 is devoted to the description of the polycrystal model
equations introducing the change of plasticity mechanisms with
temperature. Section 3 corresponds to an application of the model
to the bainitic microstructure submitted to tri-axial loading. Sec-
tion 4 deals with the mechanical behavior, the determination of
material parameters, the meshing and boundary conditions. As a
result, the evolution of the local mechanical ﬁelds is given. Section
5 is devoted to the computation of the probability of rupture from
the local stress histogram. Section 6 is a ﬁrst step to determine the
Beremin’s criterion within an aggregate containing a defect such as
carbide. Section 7 closes the paper with a discussion and a
conclusion.2. Polycrystal model of the BCC behavior at low and high
temperatures
At the grain scale (micrometer scale), the behavior of each grain
is assumed similar to a single crystal behavior. The used single
crystal plasticity model was developed within the framework of
large transformations (with small elastic distortion and largelattice rotation) proposed by Peirce et al. (1983), then Teodosiu
et al. (1993) and implemented in Abaqus FE code, using a FOR-
TRAN user Subroutine UMAT.
An uniﬁed constitutive description of the mechanical behavior
for BCC materials is proposed, within the framework of the classi-
cal theory of thermally activated dislocations. The description
spans over a large temperature interval on both sides of the mech-
anism transition temperature T0. It is worth noting that the transi-
tion temperature for brittle–ductile behavior Ta differs from T0, but
belongs to the analyzed temperature interval.
2.1. Constitutive law
The model takes into account crystallographic glide and result-
ing lattice rotation. For BCC structure, glide is expected to occur on
the 24 slip systems {1 1 0}h1 1 1i and {1 1 2}h1 1 1i. The chosen
viscoplastic law can describe the competition between lattice fric-
tion and forest hardening. According to Kubin et al. (1978), Rauch
(1993) and Tang et al. (1998), the slip rate on a given slip system,
hereafter named (s), is given by
_cs ¼ _c0 exp 
DGðsseff Þ
kBT
 
ss
jssj ð1Þ
where DGðsseff Þ is the activation energy, which is a function of the
effective shear stress sseff . kB is the Boltzmann’s constant and T is
the absolute temperature. ss and _cO are the resolved shear stress
on system (s) and the reference shear rate respectively.
When T < T0, the reduced mobility of the screw dislocations con-
trols the plasticity. The proposed ﬂow law takes into account the
crossing of Peierls valleys by double kink mechanisms. The shear
rate _c depends on the geometry of segments of screw dislocations.
The activation energy is given by the phenomenological descrip-
tion proposed by Kocks (1976):
DGðsseff Þ ¼ DG0 1
hsseff i
sR
 p !q
ð2Þ
Above p and q exponents are describing the energy associated to the
Peierls barriers. In Eq. (2), sR is the effective stress to supply, in or-
der to create a double kink at T = 0 K, when the contribution of the
thermal activation is strictly equal to zero. The brackets hi are the
McCauley brackets (hui = u if u > 0, hui = 0 otherwise). This descrip-
tion implicitly assumes that the glide of dislocations on a system (s)
is only activated when sseff is larger than zero.
2.2. Hardening law
The strain hardening evolution with temperature depends on
interactions between mobile dislocations and lattice friction and/
or forest dislocations. Lattice friction generates short range stresses
described by the effective shear stress sseff . The shear stresses ssint
and s0, stand for interaction between mobile dislocations and dis-
locations piercing their slip planes or precipitates and lattice fric-
tion respectively. Thus, the yield stress required to activate the
glide system (s) is equal to the sum of these three contributions:
jssj ¼ s0 þ sseff þ ssint ð3Þ
By considering a segment of a screw dislocation (pinned by two
obstacles) submitted to the lattice friction and to the interactions
with precipitates (s0), Rauch (1993) proposed an expression of the
internal stress:
ssint ¼
ðlbÞ2Pu¼1;24asuqu
jss  s0j ð4Þ
Table 1
Chemical composition of A508C13 steel.
C Mn Si Cr Ni Mo S P Cu Al
0.25 1.29 0.23 <0.05 0.72 0.49 0.008 0.014 0.03 0.035
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(1983), bound to the interaction energy between the systems (s)
and (u) (self and latent hardening). It is worth noting that asu de-
pends on the deformation ratio. In this paper, we use the asymp-
totic value which corresponds to a deformation up to 0.5%. qu is
the dislocation density on glide system (u). Introducing expression
(3) in (4) and solving the resulting equation, one obtains:
jssj ¼ ss0 þ
sseff
2
þ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðsseff Þ2 þ 4ðlbÞ2
X
u
asuqu
" #vuut ð5Þ
The general expression of the hardening law (5) is appropriate to
describe a continuous evolution of the shear stress with tempera-
ture. In the case of low temperature behavior (T < T0), plasticity is
governed by the reduced mobility of the screw dislocations and sint
can be neglected, compared to seff. Eq. (5) leads to
jssj ¼ s0 þ sseff þ
ðlbÞ2Pu¼1;24asuqu
sseff
ð6Þ
In the case of high temperature, (T > T0), plasticity depends on forest
hardening and seff is small compared the two other terms. Eq. (5)
leads to
jssj ¼ ss0 þ lb
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX
u¼1 to 24
asuqu
r
ð7Þ
At low temperature, plastic deformation occurs according to two
non equivalent slip systems h1 1 1i{1 1 0} and h1 1 1i{1 1 2}. The
gap between the two shear stresses sf1 1 0g0 and s
f1 1 2g
0 is not yet well
understood (Keh, 1964; Spitzig and Keh, 1970a,b). We assume that
sf1 1 0g0 is a constant and that s
f1 1 2g
0 depends on temperature, accord-
ing to Eqs. (8a) and (8b):
sf1 1 0g0 ¼ s0 ð8aÞ
sf1 1 2g0 ¼ s0 þ f ðTÞ ð8bÞ
The function f(T) will be identiﬁed in the next section.
Note: the carbides size being less than 300 nm, carbides cannot
be considered individually in this micrometer scale investigation.
Their impact on plasticity is then averaged through s0 þ ssint for
low temperatures and s0 for high temperatures. For low tempera-
ture, s0 is considered constant and ssint is temperature dependant.
With this assumption, s0 has the same value for high and low
temperature.
2.3. Dislocations evolution law
The dislocation evolution law is a generalization of the relation
proposed by Estrin and Mecking (1984). Eq. (9) describes the evo-
lution of the 24 dislocation densities with strain for each slip
system:
_qs ¼ j _c
sj
b
1
Dgrain
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃP
u–squ
p
KðTÞ  gcðTÞq
s
" #
ð9Þ
b is the norm of the Burgers vector.
This equation is derived from the balance between dislocation
accumulation (Orowan’s relationship) and dislocation annihilation
rate. KðTÞ= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃPu–squp is the dislocations mean free path. This term
increases with decreasing temperature because the evolution of
dislocation densities is smaller for low temperature. Consequently,
we assume that K(T) increases with decreasing temperature. Dgrain
is the mean lath packet thickness. This term plays a part only in
case of low initial dislocation density. The annihilation of disloca-
tions is controlled by the gc parameter, which temperature depen-
dence is expressed here by an Arrhenius law.gcðTÞ ¼ gc0 exp 
Egc
kBT
 
ð10Þ
gc and Egc are two material dependent parameters.
According to Eq. (9), two dislocations of the same system (s)
may annihilate each other as soon as they are localized at a dis-
tance smaller than gc.
3. Model application to bainitic steel mechanical behavior in
the brittle–ductile temperature range
The model of local mechanical stresses requires an accurate
knowledge of the microstructure and the identiﬁcation of the
material parameters in the temperature range [196 C to 25 C],
which corresponds to the brittle–ductile transition of bainite.
At low temperature, plastic deformation occurs through double
kink formation which requires large resolved stresses. Kubin et al.
(1978), proposed an expression of formation of double kink fre-
quency bound to the strain-rate equations through:
_e ¼ _e0 exp DGðseff ÞkBT
 
ð11Þ
_e0 is a term depending on the mobile dislocation densities.
3.1. Microstructures and mechanical characterization
The determination of the model parameters is based on differ-
ent macroscopical mechanical tests as well as microstructure
analysis.
3.1.1. Microstructure analysis
The bainitic microstructure is obtained from an ingot
(16  200  300 mm) of A508C13 steel by an austenitization pro-
cess at 1150 C. The material is then air quenched at 0.4 C/s. The
specimens are tempered at 610 C during 20 h. The chemical com-
position of the steel is given in Table 1.
The bainite microstructure is characterized by Electron Back
Scattering Diffraction technique (Fig. 1). The initial density of dis-
location is estimated to q0 = 1014 m2 using Transmission Elec-
tronic Microscope (TEM). The bainitic microstructure is not
textured.
3.1.2. Mechanical characterization
Cylindrical tensile specimens (3 mm in diameter and with
L0 = 15 mm initial gauge length) were deformed in a ZWICK ma-
chine at four temperatures (T = 25 C, 90 C, 150 C and
196 C). Tests were carried out under displacement control at a
_e ¼ 5 103 s1 constant rate. Uniaxial strain was measured using
a calibrated extensometer. Samples were maintained at the in-
volved testing temperature in a temperature controlled chamber.
Fig. 2 shows conventional tensile stress/strain curves for bainit-
ic microstructures at different temperatures ranging from 196 C
to 25 C. Tensile data are given in terms of nominal stress r = F/S0
and of strain e = (L  L0)/L0. S0 is the initial cross sectional area of
the samples.
We determined the activation energy DG for the studied steel
through the combination of strain rate jump tests performed at dif-
ferent temperature and temperature jump tests at constant strain
rates. These tests were performed on different specimens (4 mm
Fig. 1. Bainite microstructures A and B, orientation mapping of the normal (DN) to
the sample. The orientations of the normal in the different grains are depicted by
the different colors of the standard triangle. The boundary conditions are applied
according to the directions DL and DT. (For interpretation of the references to colour
in this ﬁgure legend, the reader is referred to the web version of this article.)
Fig. 2. Tensile curves at different temperature.
Fig. 3. Strain rate jump tests (a) and temperature jump tests (b).
Table 2
Activation volume and activation energy deduced from experiments.
T (C) 25 –60 –90 150 196
V⁄(b3) 55 25 20 9 9
DG (eV) 1.00   0.41 0.4
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an INSTRON servo-hydraulic machine. Errors in the measured
deformation are less than 1%.
3.1.3. Strain rate change tests
A change of strain rate from 5  103 s1 to 5  104 s1 is ap-
plied for each increase of 2.5% of the true plastic strain. This is
achieved at 150 C, 90 C, 60 C and 25 C. Rational stress–
strain curves are presented in Fig. 3a. Each curve corresponds to
an average result corresponding to several identical tests. The dis-
persion on the Cauchy stress jump Dr is less than 20 MPa. The Dr
amplitude gap is found to decrease with increasing temperature.
3.1.4. Temperature change tests
Temperature jumps from T1 = 150 C to T2 = 196 C (liquid
nitrogen) were realized and their effect on stress–strain curves at
constant strain rate was studied. The amplitude of the gap Dr ap-
peared to be constant regardless of the strain amplitude (Fig. 3b).
3.2. Determination of activation energy and activation volume
Thermally activated plasticity mechanisms are characterized by
the so called activation volume V⁄ and the activation energy DG. V⁄
and DG are deduced from the experimental curves presented in
Fig. 3a and b, through Eqs. (12) and (13)
V ¼ kBT
Dr
D ln _e ð12Þ
For a temperature gap DT = T2  T1, the variation DG is given by
(13):DG ¼ kBðT1Þ2 D ln
_e
Dr
 
T
Dr
DT
 
_e
ð13Þ
The identiﬁcation results are given in Table 2.
For T < T0, the obtained computed value of the activation energy
is DG = 0.41 eV. This value is consistent with literature devoted to
low carbon steels and pure iron (Kocks et al., 1975; Kocks, 1976;
Astié et al., 1981; Nemat-Nasser et al., 1998; Tang et al., 1998).
For bainitic microstructure presenting low carbide density, we
think that the size of microstructure does not strongly modify
the plasticity mechanisms of the ferrite. According to our results,
thermal activation is then only bound to the ferrite behavior. At
high temperature, T > T0, DG(seff)  DG0 and therefore these exper-
iments enable us to identify DG0 material parameter, namely
DG0 = 1 eV.3.3. Model parameters determination
The model depends on 12 material parameters _c0, sR, p, q, s0, asu,
K(25 C), K(60 C), K(90 C), K(150 C), K(196 C), gc0, Egc. Ini-
tial dislocation density q0 and activation energy DG0 are derived
from experimental data. Dgrain is directly measured and corre-
sponds to twice the mean thickness of lath packets. The other
parameters are obtained by an inverse method. The above men-
tioned K(T) parameter, being strongly dependent of lattice friction,
must be determined for the ﬁve studied temperatures (196 C,
150 C, 90 C, 60 C, 25 C). The parameters gc0 and Egc are
computed assuming that gc = 0.7 nm at 196 C (corresponding
2200 M. Libert et al. / International Journal of Solids and Structures 48 (2011) 2196–2208to three times the norm of Burgers vector) and that gc = 8 nm at
25 C.3.3.1. Parameters determination process
This process is supported by the experimental tensile curves at
different temperatures. Using the SiDoLo software (Cailletaud and
Pilvin, 1994), experimental tensile curves are compared for differ-
ent sets of parameters to the computed tensile curves obtained
from an aggregate constituted by a cube representing 512 crystal-
line orientations with a cube of size 2  2  2 lm3 ﬁnite element
for each orientation. The ﬁnite element meshing is constituted by
8 nodes cubic elements with reduced integration (C3D8R). Fig. 4
shows experimental and computed tensile curves. We note that
the computed hardening slopes ﬁt with experimental ones, when
strain is higher than 5%. As expected, the model does not predict
Lüders phenomena due to different elements of the alloy. Involved
optimized parameters are given in Table 3.
The elastic moduli of the cubic symmetric material are taken
equal to C11 = 275.2 GPa, C12 = 112.4 GPa, C44 = 81.4 GPa. These val-
ues are chosen to represent an isotropic elastic behavior of the
material both at the microscopic and macroscopic scales. Hetero-
geneities due to local anisotropic elastic behavior are thus not ta-
ken into account in the model.3.4. Aggregates and boundary conditions
Two investigated aggregates 210  201  3 lm3 are generated
from EBSD experiments. They are constituted by 3 identical layers,
leading to a representative volume of (50 lm)3. The meshing con-
tains 126,000 elements (C3D8R elements, 8-node linear with re-
duced integration).
Three Euler’s angles (given by EBSD) are allocated to each ele-
ment (1 lm3) of the meshing depicting a part of a grain.
In order to determine the distribution of local mechanical ﬁelds
prevailing at the crack tip of Compact Tension (CT) specimens, theFig. 4. Sketch of parameters determination method from comparison of FE simulation
curves. (Dashed pots simulation, Continuous lines: experimental results.)
Table 3
Material parameters of the model.
_c0 (s1) DG0 (eV) sR (MPa) p
106 1.00 498 0.283
q0 (m2) K (25 C) K (90 C) K (150 C)
1014 35.6 63.8 323.1aggregates are submitted to plane deformation and different tri-
axial ratios. As shown in Figs. 8–10 of Section 4.2, uniform stress
R1 and are directly applied to the surfaces normal to ~E2 and ~E1,
respectively, such as R1 = kR2, where k is a given proportionality
factor. The displacement of the two faces normal to~E3 is kept equal
to zero, leading to plane strain conditions. In the plastic stage,
R3 = 1/2(k + 1)R2 and the average value of component E33 is equal
to zero. The tri-axial ratio v of the loading applied to the aggregate
is given by: v = hr11 + r22 + r33i/(3hrMisesi), where the hi brackets
correspond to the mean value on the whole aggregate. Taking into
account the above expressions of R2 and R3, v becomes:
v ¼ ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ3kþ 1p Þ=ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ3k 1p Þ.
4. Evolution of the local stress ﬁeld with temperature and tri-
axial ratio
We respectively name E andR the macroscopic strain and stress
ﬁelds and e and r the local strain and stress ﬁelds in the meshing
elements.
For four temperatures T = 60 C, 90 C, 150 C and 196 C,
two macroscopic tri-axial ratios (namely v = 1.5 and v = 2.5) were
considered. The local strain and stress ﬁelds as well as the mean
maximal principal stress hr1i were computed. The average strain
component he11i (i.e. the average strain on all elements of an aggre-
gate) and the equivalent strain ðeequ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3 e : e
 q Þ were also
evaluated.
4.1. Strain and stress distributions
We name hr1i the mean principal stress on the whole aggregate
computed from the local values of the maximum principal stress in
each element of the aggregate. hr1i is equal to the applied macro-
scopic principal stress. For a given v, the distribution curves of lo-
cal maximum principal stress move towards larger values for
decreasing temperature. We also notice an alteration of the peak(512 material orientations, 8 elements per orientation) and experimental tensile
q s0 (MPa) asu Dgrain (lm)
1.17 88.9 0.251 2.5
K (196 C) gc0 (nm) Egc (eV)
449.9 18.6 2.17  102
Fig. 5. Principal maximum stresses distributions for increasing average principal
stress for aggregates A and B, for T = 90 C. (a) v = 1.5; (b) v = 2.5. Fig. 6. Principal maximum stresses distribution for increasing average principalstress for aggregate A, for T = 196 C. (a) v = 1.5; (b) v = 2.5.
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growth of the yield point with decreasing temperature. Consider-
ing that the heterogeneity of the r1 distribution is given by the
width at mid height of the curves, we point out that:
– For a given couple (T, v), the heterogeneities increase with
increasing hr1i (Figs. 5 and 6).
– For a given couple (T, hr1i) the increasing of v leads to a more
homogeneous pattern (Figs. 5a, 5b, 6a and 6b).
– For a given couple (v, hr1i), the stress heterogeneity increasesFig. 7. Maximal principal stress distribution r1 for different temperatures T
(aggregate A, hr1 i = 1250 MPa, v = 1.5).with increasing temperature (Fig. 7).
The two aggregates (referred as aggregate A and aggregate B)
exhibiting the same distribution curves, as shown in Fig. 5, we as-
sume that the two chosen aggregates are representative of the
bainitic microstructure. Therefore, only curves about aggregate A
are given in Fig. 7.
Table 4 gives the average of the equivalent strain corresponding
to the average of the principal stress. We note that for equivalent
principal stress conditions, deformation increases with increasing
temperature.
4.2. Stress and strain maps
For two loading tri-axial ratios, Figs. 8–10 show the computed
maps of the equivalent strain and of the principal stress distribu-
tions within aggregate microstructure at 90 C, 150 C and
196 C, respectively. For the sake of a better display of the maps,
we must mention that we do not use the same scale for a given col-
or in the different maps. The indicated largest value of maximal
principal stress corresponds to the value beyond which the strain
localization is so large that we would probably have a sample rup-ture. Let us point out that the strain and stress distributions are dif-
ferent. Equivalent strain is localized in thin bands, which are tilted
of about ±45 with the sample axes. For v = 2.5 and T = 90 C the
maximum value of the local equivalent strain reaches 31%, for an
average strain heequi = 6.4. For 196 C, the maximum of the local
equivalent strain value reaches only 7% for heequi = 2.5. The maxi-
mal principal stress is located close to some grains boundaries.
We also notice some large values of stress between strain localiza-
tion bands.
According to these results, for low temperatures and large tri-
axial loading ratios, large stresses can induce damage at grain
boundaries. This effect is enforced by the segregation of different
chemical elements.
Fig. 8. Equivalent strain and maximal principal stress distributions within the aggregate microstructure. T = 90 C, v = 1.5 and v = 2.5.
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– Whatever the temperature and the tri-axial loading, we observe
that the strain patterns present the same global aspect, showing
localization bands.
– For decreasing temperatures and increasing tri-axial loading
ratio, the aggregate plastic deformation becomes uneasy, owing
to the low mobility of the screw dislocations. Thus, the local
principal stress increases close to grain boundaries where the
plastic incompabilities cannot be relaxed by plastic glide activa-
tion. This may explain the differences between strain and stress
maps which are speciﬁc to tri-axial loading.
– As soon as the temperature decreases, the strain and stress pat-
terns become more homogeneous.
5. Application to fracture probability of the aggregate
5.1. Stress distributions and fracture probability
It is assumed that micro-cracks are nucleated at carbide sites as
soon as plastic slip is active. The fracture propagates from micro-
cracks through the lath packets when the critical stress rc is
reached. According to classical theory of cleavage, this critical
stress depends on the micro-crack size and consequently on the
carbide size:
rc ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Ecs
pð1 m2Þrc
s
ð14ÞIn the Grifﬁth criterion, rc is the considered size defect, E the Young
modulus and cs the surface energy. The weakest link hypothesis as-
sumes that the fracture of the considered amount of steel i.e. the
fracture occurs when, at least, one volume containing carbides is
broken. This volume is called a cell.
Local stresses are computed for different couples of stress tri-
axiality ratio v and temperature (Libert, 2007). The computed
ﬁelds present large heterogeneities, as given by the histograms of
the local maximum principal stress r1 for different loading steps
(Figs. 5 and 6).
It is assumed that extreme values of the maximum principal
stress distributions can be described by a statistical function of
Gumbel: the probability for the local principal stress r1 to be lower
than a given stress r is
PðrÞ ¼ Pðr1 < rÞ ¼ exp  exp r AB
  
ð15Þ
Therefore, the probability to have rcell > rc i.e. the probability of
fracture of the ith cell is given by
Pðricell > rcÞ ¼ PiRðrcÞ ¼ 1 exp 
rc  A
B
 
ð16Þ
For a representative volume V0 composed of N cells, initiation of
cleavage may occur independently in any cell and has the same
probability of occurrence. Then the probability of fracture of V0 is
PR0ðrcÞ ¼ 1 1 PiRðrcÞ
h iN
ð17Þ
Fig. 9. Equivalent strain and maximal principal stress distributions within the aggregate microstructure. T = 150 C, v = 1.5 and v = 2.5.
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the representative volume V0 is derived:
PR0ðrcÞ ¼ 1 exp  exp rc  AB
   N
ð18Þ5.2. Determination of parameters of the stress distribution
The parameters of the extreme values of the maximum princi-
pal stress are determined using Libert’s simulation results. For
v = 2.5, T = 196 C the result of this determination process is plot-
ted in (Fig. 11) for different values of hr1i.
To identify A and B coefﬁcients, a minimum value of 0.7 for the
probability P(r > r1) is used, since only extreme stress values are
involved. Fig. 12 presents the results obtained for T = 196 C,
v = 2.5, and different hr1i values.
The two parameters A and B are correlated with respect to the
average maximum principal stress by (Fig. 13):
hr1i ¼ A BC0ð1Þ with Ci0ð1Þ ¼ 0:577 ð19Þ
Fig. 14 shows that B is governed by the average von Mises stress lin-
ear law:
B ¼ ahreqi þ bðTÞ ð20Þ
This expression is only valid for plasticity state and for B > 0.
We notice that a parameter weakly depends on temperature
(see Table 5), whereas b parameter is a decreasing function of tem-
perature. If the stress distribution is homogeneous, B tends to-
wards zero. For a stress lower than the yield stress rY, B = 0 andrY = b/a. Physically, B is a measure of the stress heterogeneity in-
duced by the incompatibilities of the plastic strain.
Using Eqs. (19) and (20) in Eq. (18), the fracture probability of
the representative volume V0 is given by
PR0 ¼ 1 exp  exp  rc  hr1iahreqi þ bðTÞ þ C
0ð1Þ
   N
ð21Þ
The equivalent stress hreqi is related to hr1i and v, by
hreqi ¼
ﬃﬃﬃ
3
p
ðk 1Þ
2k
hr1i and k ¼ v
ﬃﬃﬃ
3
p
þ 1
v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 1
p
The a and b(T) tuning values of are reported in Table 5.6. Effect of a carbide on rupture probability
In this section, within the frame of classical local approach to
rupture (using the weakest link theory) we consider the aggregate
as an elementary volume (V0 = (50 lm)3) made of 125 cells
(approximately corresponding to the number of bainitic laths
packets in V0).
Carbides being considered as major initiators of rupture
(Tanguy et al., 2003, 2005), we introduce a constant carbide size
(i.e. a constant micro-crack size) within the aggregate. This is
equivalent to the introduction of a constant critical stress, enlight-
ening the effect of heterogeneities of the local stress ﬁeld on rup-
ture probability.
Considering the Grifﬁth‘s criterion (Eq. (14)), micro-crack prop-
agation occurs for a 3700 MPa cleavage critical stress rc. The
Fig. 10. Equivalent strain and maximal principal stress distributions within the aggregate microstructure. T = 196 C, v = 1.5 and v = 2.5.
Table 4
Average of the principal stress and average equivalent strain computation.
T (C) v = 1.5 v = 2.5
hr1i (MPa) heequi (%) hr1i (MPa) heequi (%)
196 C 2028 12.7 2505 2.6
150 C 1512 3.3 1500 1.2
2250 5.0
90 C 1262 5 1501 3.4
1481 20.9 2000 6.4
60 C 1270 7.2 1504 5.1
1763 7.7
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set to rc = 0.052 lm (these two values being typical for the pressure
vessel steels). The evolution of the fracture probability PR0(hr1i) of
the aggregate, versus the mean maximum principal stress, is then
computed from Eq. (21) for different sets of T and v.
For a stress tri-axiality ratio of 2.5, we ﬁnd that PR0 is a
decreasing function of the temperature (Fig. 15), since the ﬂow
stress is decreasing with temperature. However, let us note that
the rupture probability scattering appears to increase with
temperature.
For a constant hr1i value and a constant temperature, computa-
tions pointed out a decrease of stress ﬁeld heterogeneities (corre-
sponding to the width of the distribution) with increasing v.
Consequently, the scattering of the distributions of hr1i values at
aggregate rupture (observed in Fig. 16) is the highest for the lowest
values of stress tri-axiality.6.1. Comparison to Beremin’s model
For low alloyed steels, the Beremin model (Beremin, 1983) de-
scribes the scattering of the cleavage fracture stress. For the repre-
sentative volume (V0), the fracture probability corresponds to the
probability of ﬁnding the random variable rc lower than the mean
principal stress hr1i:
PR0 ¼ Pðrc < hr1iÞ ¼ 1 exp hr1iru
 m
ð22Þ
where:
– ru is the stress leading to a rupture probability of 63%,
– m is a coefﬁcient depending on material characteristics.
ru and m were determined by several authors on pressure ves-
sel steels, using macroscopic tests performed on notched and CT
Fig. 11. Determination of Gumbel functions from the distributions curves of r1
(T = 196 C and v = 2.5).
Fig. 12. Gumbel function evolution versus stress for the aggregate
{T = 196 C, v = 2.5}.
Fig. 13. Correlation between the two parameters A and B.
Fig. 14. Evolution of B with hreqi.
Table 5
Determination of a and b parameters from the linear function
(B = ahreqi + b).
T(C) a b
196 0.567 453
150 0.562 349
90 0.528 271
60 0.485 221
Fig. 15. Rupture probabilities versus the average principal stress for 4
temperatures.
Fig. 16. Rupture probability PR0(hr1i) versus the mean principal stress for different
v values.
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Carassou (1999):m values ranges between 12 and 28 and ru values
from 2860 to 3140 MPa.
In comparison with Beremin model, we consider two extreme
cases:
– T = 60 C and v = 1.5 leading to large dispersion of PR0(hr1i).
– T = 196 C and v = 2.5 leading to small dispersion of PR0(hr1i).
Fig. 17. Comparison of the extreme distributions of PR0(hr1i) for Beremin’s model
and for our model.
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to the Beremin model predictions.
The comparison shows that the Beremin’s model is approxi-
mately included within the two extreme cases of our model. This
shows that the scattering in fracture stress induced by stress het-
erogeneity is of the same order of magnitude as the experimental
scattering. For a given temperature, the inhomogeneities of the lo-
cal mechanical ﬁelds lead to sharpen the scattering of the rupture
probability.
In classical local approach to rupture, scattering of the cleavage
fracture stress occurs owing to the distribution of carbide sizes
(Beremin, 1983). An extension of the above computation is per-
formed by using the carbide size distribution identiﬁed by Lee
et al. (2002):
Pðr > rcÞ ¼ exp  2rc  ab
 m 
ð23Þ
where a = 0.00917, b = 0.10158 and m = 1.192 for bainitic steels.
This approach will be extended to a structure containing several
elementary volumes, each of them containing an actual carbide
size distribution.
Note that fracture can be also studied as a function of applied
strain (instead of the principal stress) by integrating dPR0 with re-
spect to rc:
PR0 ¼ 1 1
Z 1
a=2
f ðrcÞ 1½
(
 exp exp  rcðrcÞ  hr1i
a0ðT;vÞhr1i þ bðTÞ þ C
0ð1Þ
  
drc
	N
ð24ÞFig. 18. (a) v = 1.5, (b) v = 2.5. Rupture probabiwith: a0ðT;vÞ ¼
ﬃﬃ
3
p
ðk1Þ
2k aðTÞ.
f(rc) is the Lee’s distribution obtained by derivation of Eq. (23).
And N = 125 is the cells number in the aggregate.
By plotting PR0 versus the mean von Mises equivalent plastic
strain, we obtain the curves shown in Fig. 18a and b. As a classical
result for a given heeqi, PR0 increases with decreasing temperature.
Our model also shows a large dependence in terms of loading and
temperature.
Fig. 18a and b show that for v = 1.5 and high temperature, the
curves PR0 versus heeqi are identical. For heeqi = 2%, PR0 increases of
a factor 100 between T = 60 C and T = 196 C for v = 2.5, the in-
crease factor is only equal to 15.
7. Discussion and conclusion
The polycrystal model presented in this paper is the ﬁrst step of
a new approach describing the evolution of plasticity mechanisms
with temperature. This approach is devoted to BCC materials pre-
senting a change of the plasticity mechanisms.
An aggregate corresponding to the Elementary Representative
Volume is obtained by ‘‘columnar’’ grains, which position and ori-
entation are obtained from an EBSD map (150  150 lm2). The use
of a ‘‘columnar’’ 3D aggregate is a shortcut to describe the complex
bainitic microstructure. This microstructure is composed of blocks
(grains) containing several slightly misoriented (less than 5) laths.
Laths misorientations are neglected here. This means that the ini-
tial dislocations mean free path depends on the blocks size.
According to observations of Robertson et al (2007) in A508C13
pressure vessel steel (at low temperature and uni-axial loading),
carbides were located on the boundary of the laths, impinging dis-
locations movement. Lath boundaries appear also to contain dislo-
cation sources. Consequently, dislocations do not easily cross the
lath boundaries and the actual mean free path is probably smaller
than stated in this study for the small plastic strains. A more accu-
rate simulation should take into account the size effect of the lath.
Taking into account the lath and carbide size effect would need a
non local approach (Messonnier et al., 2001; Kok et al., 2002; Ma
et al., 2006), ignored in our model. Nevertheless, with our simpli-
fying assumptions (limited number of material parameters and
simpliﬁed microstructure), our results ﬁt with Robertson‘s mea-
surements (Robertson et al., 2007): the local strain dispersion
grows with increasing temperature.
In this paper, the phenomenological equations are derived from
discrete dislocations theory and generalized to the continuum dis-
locations framework. The internal variables are the dislocation
densities on the 24 glide systems. At each step of the computation,
the densities are then computed in each Gauss point. The
mechanical behavior is mainly controlled by the parameters oflities versus equivalent strain, for different.
M. Libert et al. / International Journal of Solids and Structures 48 (2011) 2196–2208 2207the dislocation evolution laws and, in a minor way, by the latent
hardening law. Our aim being to describe the material behavior
in the plasticity mechanisms transition range, temperature effect
is introduced into the constitutive laws. The source and annihila-
tion parameters (named K(T) and gc (T) respectively), are deter-
mined from experimental curves. Note that the K(T) parameter,
which is bound to the dislocation mean free path, strongly grows
with decreasing temperature, whereas the annihilation parameter
gc(T) is an increasing function of the temperature. At low temper-
ature, such results agree with the weak mobility of the screw dis-
locations (Robertson et al., 2007) and lead to a weak evolution of
the dislocations densities. In fact, parameters of the constitutive
laws depend on temperature but also on strain rate and on strain
magnitude.
As far as the latent hardening is concerned, the interaction ma-
trix asu is assumed isotropic and independent of temperature and
strain amplitude. For high temperature, interaction between dislo-
cations (forest interaction) was extensively studied, and new hard-
ening laws were recently proposed for BCC structure, from
Dislocation Dynamics Simulations (Chaussidon et al., 2008; Quey-
reau et al., 2009). These laws, suitable for the micro-plasticity stage
do not describe the mechanical behavior for strain larger than 1%.
In this model, the same interaction matrix asu is used for low and
high temperature, whatever the plasticity mechanisms and the
strain amplitude.
In this paper, the constitutive laws are simple. Many authors
(Ma et al., 2006, 2007; Roters et al., 2010) have recently proposed
more complex and general hardening laws or a probabilistic ap-
proach (Stainier et al., 2002). But, even for the case of single crys-
tals, all these models include a very large number of material
parameters and ﬁtting constants that cannot be easily determined.
Experimental validations must be systematically performed and
local texture evolution measurements is the most commonly used
technique (Raabe and Roters, 2004; Erieau and Rey, 2004). Mea-
surements of some strain components at the surface of the speci-
men (via micro-grids or spray) were performed (Sachtleber et al.,
2002; Sekfali, 2004; St-Pierre et al., 2008). In this paper, the poly-
crystal aggregate is embedded in the bulk and close to a microcrack
tip. Under these conditions, the aggregate is submitted to tri-axial
stress ﬁeld. In such case experimental validation is uneasy. The
only available validation is the comparison between the computed
texture and a prevision given, for example, by Taylor’s model or
any other model. For a given stress, at low temperature, average
strains are weak (less than 7% in our computation for T = 90 C).
However, local strain ﬁeld may reach up to 30% at 90 C limited
to a very small number of elements of the involved meshing. Aver-
age local train being small, no noticeable texture evolution is
expected.
To our knowledge, the role of heterogeneous mechanical ﬁelds
in the rupture process was not previously clariﬁed. Our model is
a ﬁrst attempt to propose an explanation. In our approach, the
probability of rupture (which depends on the tri-axial loading
and temperature) is partly deduced from the distribution curves
of the stress ﬁeld. Applied by the same authors to compare unirra-
diated and irradiated materials rupture (Vincent et al., 2010), this
model may be considered as a ﬁrst step towards the study of an ac-
tual structure composed of several aggregates.
As a conclusion, this new polycrystal model computes the local
strain and stress ﬁelds for simpliﬁed 3D ‘‘columnar’’ bainitic aggre-
gates. In order to describe the stress pattern ahead of a crack tip,
the applied stress corresponds to plane deformation. According
to our results, the displacement of the local stress distribution to-
wards larger stress is mainly bound to the increase of the yield
stress with decreasing temperature. The maps of deformation
and principal stress present different patterns, according to the ap-
plied tri-axial loading and to the temperature. Whatever thetemperature, we point out that maxima of the deformation ﬁeld
occur within small bands and that localization increases with high
temperature. At low temperature, plasticity stage is very weak. The
principal stress ﬁeld becomes more homogeneous with decreasing
temperature. Above 90 C, the maps show maxima of the princi-
pal stress within bands crossing grain boundaries or close to some
grain boundaries. Below 150 C, the stress bands disappear and
stress maxima occur at grain boundaries. Let us note that inter-
granular or intragranular localization of internal stresses may not
be the only source of the rupture. Nevertheless, we have shown
that rupture probability is bound to internal stresses distribution
within a polycrystal. In the ﬁrst part of this study, the aggregate
is free of carbides, to evaluate the role of the stress heterogeneity.
In the second part, a carbide size is introduced to determine the
cleavage initiation probability. A comparison with the Beremin cri-
terion (calibrated on experimental data), shows that the scattering
of the computed fracture probabilities is of the same order of
magnitude than the measured scattering. Temperature and stress
tri-axiality ratio have a strong effect on rupture, owing to their
inﬂuence on plastic strain existing in the volume. We plan to
further use the proposed model, to investigate the temperature
and constraint effects on fracture toughness.Acknowledgement
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